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1. INTRODUCTION 
Let A be the class of functions of the form 
f(z) = 2 + 2 anzn, 
?a=2 
which are analytic in the open unit disc U = {z E C : 1.~1 < 1). A function f(z) in A is said to 
be starlike if it satisfies 
Re zf’(z) > 0 
f(z) ’ 
z E u. 
We denote by S* the subclass of A consisting of all starlike functions in U. A function f(z) in A 
is said to be convex if it satisfies 
Re(l++) >0, zciI.J. 
We denote by C the subclass of A consisting of all convex functions in U. 
Nunokawa, Owa, Saitoh, Cho and Takahashi [l] obtained the following result. 
LEMMA. Let p(z) be analytic in U with p(O) = 1 and p(z) # 0. If there exist two points z1 E U 
and 252 E U such that 
TP -- 
2 
= argp(zl) < argp(z) < argp(z2) = y 
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for (Y > 0, /? > 0, and for 1.z < Izl/ = 1~21, then we have 
ZlP’(Zl) Q + P ~z--_2-~ 
Pbl) 2 
and 
ZzP’(Z2) f3 + P -----=~----_ 
P(Z2) 2 ’ 
where 
m > 1 - I4 
- 1 + IUI 
and 
From the lemma, we define two classes of functions. Let S*(cu, ,S) be the subclass of A which 
satisfies 
- TP Zf’(Z) 7rcl 
-7j-- < arg f(z) < 2’ z f u, 
for 0 5 cx < 1, 0 5 ,B < 1, and let C(cx, /3) be the subclass of A which satisfies 
-z<arg(l+$$)<y, zEU, 
for 0 5 cy < 1, 0 5 p < 1. We can see that S*(o,/3) c S* and C(o,p) c C. In this paper, 
applying the lemma, we obtain a certain connection between S*(cx, p) and C(a, p). 
2. MAIN THEOREM 
THEOREM. Let f(z) E C(y(cr, P), S(a,P)). Then f(z) E S*(cqP) where 
2 (1 - lol)o(o, P) sin (7r/2) (1 - o) 
3% @ = o + ; Tan-1 1 + [al + (1 - IUI) o(o!, p) cos (7r/2) (1 - o) i 
b(a,,b) =,B+iTan-’ (I - I+(~, PI sin (7rP) (1 - PI 
1 + la1 + (1 - lal) fl(a, P) cos (7r/2) (1 - P) ’ 
and 
K Q-P a=itanq cr+p ( > 
PROOF. Let us put p(z) = zf’(z)/f(z) and f(z) E C(-y(cr,P), 6(~y,P)). If there exist two points 
z1 E U and z2 E U such that 
-$ = argp(zl) < argp(z) < argp(z2) = y, 
for 1zI < jzll = IzzJ, then from the proof of the lemma [l], we have 
zlp’o = _i, a+p 1+t12 and z2pIo=i, cr+p 1+t22 
PM 
-.-.m 
4 t1 P(Q) 
-.-.m 
4 tz (2.1) 
where 
e -i (n/2) ((a-P)l(01+4))p(z1)2/(a+P) = -itl, ,-%(7r/2) ((“-io)l(a+B))p(z2)2/(a+P) = it2. (2.2) 
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tl > 0, t2 > 0, and 
m > 1 - Ial 
- 1 + /a(’ 
By logarithmic differentiation of P(z) = zf’(z)/f(z), we have 
1 + Zf”k) ZP'(Z) - = p(z) + - 
f’(z) Pb) = P(Z) (2.3) 
Let us put z = ~2. Then from (2.1)-(2.3), we have 




1 ZzP’@2) 1+ -. - 
P(Z2) P(Z2) > 
= t2(a+B)Dei (a/2) Q ( 1 + t2-(a+a)12,-z (a/2) (I ( i . a + p l+ b2 -.-.m 4 t2 >> 
= t2(a+B)/2,2(“/2)a 
( 
1 + m. o+p 
4 ( 




Let us put g(z) = $-l-(a+P)P + .-l-(~+mP, z > 0. Then g(z) takes the minimum value at 
5 = d/(2 + Q + p)/(2 - QI - p). Therefore, we have 
ZZf”(Z2) 
f’(z2) 
=y+T& (1 - Iol) fl(o,D) sin (n/2) (1 - o) 
1 + loI + (1 - lol) u(o, P) cos (7F/2) (1 - o) ’ 
where 
This contradicts the assumption of the theorem. 
For the case z = ~1, applying the same method as the above, we have 
arg l+w) <--$-Tan-’ (1 - lol) a(o,D) sin (K/Z) (1 - P) 
1+ I4 + (1 - bl) 4c% PI cos (n/2) 0 - P) 
This contradicts the assumption of the theorem. We complete the proof of the theorem. 
REMARK. Let us put (Y = ,8 in the theorem. Then we have the result in [2]. 
REFERENCES 
1. M. Nunokawa, S. Owa, H. Saitoh, N.E. Cho and N. Takahashi, Some properties of analytic functions at 
extremal points for arguments, (submitted). 
2. M. Nunokawa, On the order of strongly starlikeness of strongly convex functions, Proc. Japan. Acad., Ser. A 
69 (7), 234-237, (1993). 
